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Design of Maximum Thrust Plug Nozzles
for Fixed Inlet Geometry

ROBERT P. HUMPHREYS,*
U.S. Air Force Academy, Colo.

AND

H. DOYLE THOMPSON! AND JOE D. HOFFMANN^
Purdue University, Lafayette, Ind.

The calculus of variations is used to obtain the design equations for the contour of maximum
thrust plug nozzles with a fixed inlet geometry and a specified geometric constraint. The
optimum values of the injection angle at the throat and the cowl lip radius are determined
by a parametric study. The problem is formulated to maximize the pressure thrust integral
along the supersonic portion of the plug surface and includes the effect of base pressure.
The analysis is carried out for irrotational flow and includes boundary-layer effects. A
method is presented to determine if a given contour is an optimum, and a relaxation tech-
nique is used to obtain a solution to the resulting design equations. Numerical examples are
presented for a fixed plug length and mass flow rate. The results of a parametric study to
determine the optimum cowl lip radius and injection angle are presented and the resulting
optimum nozzle is compared to one designed by Rao's Method. The importance of the
transonic flow analysis and base pressure model are illustrated.

Nomenclature

a = acoustic speed
C/i — incompressible skin-friction coefficient
E = cowl lip location
F — fundamental function, Eq. (7)
g = general isoperimetric constraint
G = boundary requirements, Eqs. (8), (9), and (10)
h0 = annular half-height at the initial value surface
/ = functional to be maximized, Eq. (6)
ra = mass flow rate
M = Mach number
PO — total pressure
p — static pressure
R = gas constant
T = thrust integral, Eq. (1)
u = x component of velocity
v = y component of velocity
V = velocity modulus = (u2 + v2)112

x = spacial coordinate along the axis of symmetry
y = spacial coordinate normal to the axis of symmetry
a. — Mach angle
/3 = angle of inclination of the mean flow direction at the initial

value surface to the axis of symmetry
7 = ratio of specific heats
6* = a boundary-layer thickness
6' = d* cose
f\ = inviscid core boundary
0 = flow angle
\i = Lagrange multipliers (i = 1, 2, 3, 4)
p = density
pd = radius of curvature of the plug wall downstream of the

initial value surface
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T — shear stress
3> = base pressure contribution to the thrust, Eq. (13)

Subscripts
b — base
D = evaluated at point D
DE — evaluated along the line DE
E = evaluated at point E
TD — evaluated along the boundary TD
w = evaluated on the nozzle wall
x — partial derivative with respect to x
y = partial derivative with respect to y
oo = freestream conditions

Other

( • ) = total derivative with respect to x

Introduction

CONCEPTUALLY, nonconventional nozzles such as the
plug nozzle or the forced deflection nozzle offer advantages

that cannot be achieved with conventional converging-diverg-
ing nozzles. The plug nozzle, for example, has the potential
advantage of throttleability, thrust vector control, altitude
compensation, and a shorter (and presumably lighter) nozzle
for the same expansion ratio when compared with a conven-
tional axisymmetric nozzle. Plug nozzles are currently oper-
ational on some jet engines and show considerable promise for
rocket engine and scramjet applications. Because of its
potential importance, the problem of maximizing the thrust
of a plug nozzle is of considerable interest and is the subject
of this paper.

The concept of applying optimization techniques to design
thrust nozzles was introduced by Guderley and Hantsch1 in
1955. Subsequently, Rao2 simplified the analysis and de-
veloped a basic design procedure that has gained wide ac-
ceptance today throughout the industry. Rao also developed
a formulation for the plug nozzle design problem,3 however,
that formulation is limited to either a fixed length or, equiva-
lently, a fixed expansion ratio, and further lacks the potential
to be extended to include more general constraints or dissipa-
tive flows. More recently Guderley and Armitage4 formu-
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Fig. 1 Nozzle geometry and coordinate system.

lated the problem for the design of conventional axisymmetric
nozzles using a more general approach which permits a selec-
tion of the geometric constraint. This additional flexibility
was achieved only at the expense of a more complex problem
formulation and an order of magnitude increase in the com-
plexity of the numerical solution.

The additional potential of the Guderley-Armitage ap-
proach was realized when the method was extended by Hoff-
man and Thompson5 to include the effects of gas-particle
flows, by Hoffman6 to include the effects of nonequilibrium re-
acting flows, and by Scofield, Thompson and Hoffman7 to in-
clude boundary-layer effects in the optimization. The essen-
tial difference in applying the method to these various types
of flows is in the computation of the basic flowfield and not
in the method itself.

The objective of this paper is to develop a design method
for optimizing plug nozzles that can be extended to dissipative
flows.

Problem Formulation

The plug contour to be optimized is that portion between
points Tf and Df, shown in Fig. 1 along with the remaining
nozzle geometry. The cowl lip radius, yE, and the mean flow
direction at the initial value surface (injection angle), /3, are
prescribed, and the nozzle geometry and flowfield upstream
of the characteristic BT are fixed. The resulting optimum
contour is then the best for a given upstream geometry. The
region R is assumed to be an inviscid core bounded by the
streamline TD, the right characteristic DB, and the left-
characteristic BT. The streamline TD, denoted by y =
rj(x), is separated from the plug surface by a boundary layer of
thickness 6* measured normal to the streamline. Thus,
changes in the streamline TD will affect only the flow in region
R.

The axial thrust to be maximized is obtained by summing
the integrated pressure and shear forces on the plug T'D' and
the pressure forces acting on the plug base D'C, and expressing
the resulting equation in terms of variables evaluated along
TD. The thrust expression, developed in Ref. 8, is given by

T/27T = - ** [p(n - 8') + r](rj - 3 )dx +

(rjD - S'p)W2 (1)

where 6' = 5* cos0 and ( ' ) denotes differentiation with re-
spect to x. Equation (1) represents only that portion of the
total axial thrust which is to be maximized in the variational
problem. Any optimization, with respect to the injection
angle and cowl lip radius must be accomplished by a para-
metric variation of those parameters. Since ambient pres-
sure acts over the area 7n/^2, the altitude for which the nozzle
is designed is specified during the parametric study. Thus, it
is desired to find the streamline y = r)(x) which maximizes
Eq. (1) and from which the wall contour can be obtained.
However, it is necessary to introduce certain constraints to
assure that the results will be physically reliable.

The governing equations for axisymmetric, steady, isen-
tropic, irrotational flow§ are the following:

(ypy)x + (ypv)y = 0 (2)
uy - vx = 0 (3)

where the subscripts x and y denote partial derivatives.
Equation (2) is the continuity equation, and Eq. (3) is the
irrotationality condition. The boundary TD is to be a
streamline, which requires the dependent variables u and v to
be related by ui\ — v = 0 along TD. This expression is multi-
plied by rjp for later convenience in algebraic manipulation.
Thus

rjp(urj - v) = 0 along TD (4)
In addition to these constraints, most engineering applica-

tions require the contour to have either a fixed length, a fixed
surface area, or to be restricted geometrically in some other
way. To place a physical limitation on the design, a general
isoperimetric constraint of the following form is imposed:

/*z>
I Q^MiPJdx = const along TDJ T (5)

A fixed length constraint is obtained by setting g = 1, and the
condition for a fixed surface area is obtained by setting g =
(1 + 7?2)1'2.

The constraining relations given by Eqs. (2-5) are imposed
on the thrust maximization by utilizing Lagrange multipliers.
The functional to be optimized becomes

Gdx

where

F = \i(uy - vx) +

G = - fo>( i ? -*0+T] ( i ? -S ' ) +

G = 0
G = 0

(ypv)y] i
^ - v) +

(6)

(7)
(8)

along TD
along DB (9)

along BT (10)
$ = (rjD - 8'D)*pb/2 at D (11)

In the above equations Xi and X2 are functions of x and y, As
is a function of x, and \4 is a constant.

The functional forms assumed for r and 5' are r = r(x) and
8' = d'(x). Since the flow is isentropic, the functional rela-
tions p = p(u,v), p = p(u,v), and a = a(u,v) are valid. Thus,
the dependent variables are the velocity components u and v.

The base pressure is taken as constant over the base of the
plug at an effective value which is determined by the flow
properties in the region R. Further, since the base pressure
does not affect the flow properties in the region R, it must be
treated in the variational problem as a constant which is not
known a priori. As will be explained in more detail later, the
optimum contour is approached in an iterative manner in
which the value of the base pressure is recalculated in each
iteration so that it is compatible with the flow properties.
The optimization procedure is independent of the model used
to calculate the base pressure. The particular model used in
this investigation is given by the following empirical equation
which is a curve fit of the data presented in Ref. 9:

pb = 0.846P/M1-3 (12)

In addition, it is assumed that the stagnation temperature
and pressure are known and are constant.

Necessary Conditions

n the calculus of variations there are certain necessary con-
ditions arising out of the first variation of the functional which

§ The formulation of this problem for axisymmetric, steady,
isentropic, rotational flow was also developed in Ref. 8.
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have to be met for an extremal solution to exist. These con-
ditions are the Euler equations, the transversality condition,
the Erdman-Weirstrass corner condition for corner lines, and
the corner condition for corner points on a boundary line.
The Erdman-Weirstrass corner condition will not be investi-
gated since flows in which corner lines arise are not to be con-
sidered. When the remaining conditions are satisfied it will
be assumed on physical grounds that the resulting nozzle sur-
face is indeed the maximizing solution.

The calculus of variations can be applied to Eq. (6) in order
to determine the conditions necessary to an extremal solution.
A detailed development of the results presented in the next
few paragraphs can be found in Ref. 8. The necessary con-
ditions are as follows:

Euler Equations

)\2y = 0 (13)

- yp(l - v*/a*)\2y = 0 (14)
In the region of supersonic flow these equations are a system

of hyperbolic, partial differential equations with character-
istic directions which correspond to the characteristic direc-
tions of the basic flowneld. The compatibility equations are

d\i ^F yp (15)

Equation (15) is valid along the characteristics of the basic
flowfield, which are the Mach lines defined by

dy/dx — tan(0 ± a) (16)
The upper sign in Eqs. (15) and (16) refers to left-running
characteristics and the lower sign to right-running character-
istics.

Transversality Conditions

Along TD

Along this line variations in u, v, x, and y are treated as
arbitrary and independent, which results in three equations:

X2 = X3 (17)

Xi = pu(rj - 5') W - «') + Aiptifr (18)
Ai = (* - d')(du/dx + d'dv/dx)/n - (X4/r?) X

fop* - to, - dg^dx)/(pu)} + r/(rjpu) (19)

Along DB

Along the exit characteristics, DB, variations in u, v, x, and
y can be treated as arbitrary and independent. This results
in two equations which can be combined to show that DB is
a right-running characteristic along which the following equa-
tion must be satisfied:

— \%yp etna = 0 (20)

Along BT

Since no variations in the gas properties or in x and y are
allowed upstream of the left-running characteristic BT, the
transversality condition is satisfied identically along this line.

Corner Conditions

Points B and T are considered to be fixed. Thus the corner
condition is satisfied identically at these two points. The
two conditions which must be satisfied at point D are:

[0? -

[p(r) - 5') + \wpu +

= 0 (21)
at D

= (rjD - d'D)pb at D (22)

Rao's Result: A Special Case

It is of interest to note that the current formulation con-
tains the results of Rao3 as a special case. If the axial length
is held constant, then 0 = 1, and gp = gn = gij = 0. Neglect-
ing the wall shear stress and boundary layer thickness, Eq.
(19), valid along TD, becomes d\*/dx = du/dx or, since X2
= X3 on TD

X2 — X2D = u — UD) X2 = XZD + V cos0 — VD COS0S (23)

Equation (18), which is also valid on TD, becomes

Xi = rjpV sin0 (24)
For any velocity distribution u(x,y), v(x,y) that satisfies the

flow equations, the two pairs of functions: Xi = const, X2 =
const, and Xi = ypV sin0, X2 = V cos0, satisfy the partial
differential Eqs. (13) and (14) which are valid throughout the
flowfield. Thus, Eqs. (23) and (24) must also be valid along
DB where Eq. (20) applies. Substitution of Eqs. (23) and
(24) into Eq. (20) yields, ypV sin0 - yp ctna(X2z) + V cos0
— VD cos0i>) = 0, which reduces directly to

V cos(0 + a)/cosa = const (25)

Equations (15) and (20) can be combined to yield Xi =
(Cyp ctna)1/2 where C is a constant. Substituting this into
Eq. (24) yields

ypV2 sin20 tana = const (26)

Equations (25) and (26) must be satisfied along the exit
characteristic DB and are identical to the equations obtained
by Rao. At point D, Rao obtained the corner condition

(p - Pb) ctna/(p72/2) = -Sin20 at D (27)

This equation can also be obtained by neglecting the wall
shear and boundary-layer thickness in Eqs. (18) and (22) and
by substituting Eqs. (17) and (18) into Eq. (20). This results
in

v/ctna (28)
which must be satisfied at point D. This result is then sub-
stituted into the corner condition, Eq. (22), which reduces
directly to Eq. (27).

Computer Program

The problem formulated here was programmed in FOR-
TRAN IV for the IBM 7094 and CDC 6500 computers. In
the program the boundary-layer thickness 5* is assumed to be
zero. Correction for boundary-layer thickness can be made
to the optimized contour by using the displacement thickness
to adjust the wall coordinates. The numerical techniques,
including the method of contour modification, are discussed
in the next section.

Numerical Methods
Solution Procedure

The solution procedure consists of estimating what the
optimum contour should be, analyzing the contour to see if
it is an optimum, and modifying the contour if it is not an
optimum. This indirect method is in contrast to the Rao3

technique in which optimum contours are constructed directly
by calculating the flowfield backwards from the last right-
running characteristic which is obtained, for a given plug
length and mass flow rate, by solving a two-point boundary-
value problem. No direct method has been found for the
present analysis.

In order to analyze the contour it is necessary first to solve
the flowfield by the method of characteristics which requires
an initial value line. The start line either can be read in from
data cards or generated internally. The internally generated
start line is obtained from either a modified Moore-Hall10
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Fig. 2 Thrust vs cowl lip radius.

transonic flow analysis or an isentropic flow analysis in which
the Mach number is assumed to be constant along a straight
line. The details of the Moore-Hall analysis and the neces-
sary modifications are developed in Ref. 8. In any case, the
start line will always be from point A to point E shown in Fig.
1.

Before going into the details of the numerical procedure,
the conditions at point T (see Fig. 1) need to be examined.
For zero boundary-layer thickness the contour TD coincides
with T'D'. In the problem formulation, point T was con-
sidered to be fixed and thus variations in the plug contour are
allowed only downstream of point T. In carrying out the
iterative optimization process, the contour downstream of
point T is modified and consequently, a sharp corner can
arise at point T. In order to avoid this sharp corner, it is
necessary to specify the plug curvature in this region. The
actual nozzle will then be forced to follow this contour up to a
fixed, but not predetermined, point. As a result, point T is
located so that no discontinuity in the plug contour arises as
the contour modification is carried out. Point B is then
located along the left characteristic originating at point T.
In general, point T will always be downstream from point A
and can never move upstream of point A during the contour
modification process. The calculation of the flowfield is car-
ried out in recognition of this situation.

First, the flowfield is obtained by the method of character-
istics which is initiated from the start line AE. The charac-
teristics have directions given by Eq. (16), and the compati-
bility relations valid along these lines are

dB T ctnadV/V ± [(sin0 sin(0 =t a)]dy = 0 (29)

The upper signs refer to left-running characteristics and the
lower signs to right-running characteristics. Once the flow-
field is known, Eqs. (17), (21), and (22) can be used to solve
for Xi and X2 at point D.

Starting from point D, Eqs. (17), (18), and (20) can be used
to evaluate Xi and X2 along TD. The plug surface TD then
serves as an initial-value line from which to initiate the
method of characteristics solution for Xi and X2 in the region
R. These two multipliers have the same characteristic direc-
tions as the flowfield, and their compatibility relations are
given by Eqs. (15).

Equation (20) must be satisfied along the exit characteristic,
DB, and serves as a check to determine whether or not a given
contour is an optimum. In general, Eq. (20) will not be satis-
fied by the first guess for the optimum surface and it is then
necessary to calculate a new wall contour. In calculating the
new contour it is convenient to consider Eq. (20) as an error
function such that

E = Xi — X2?/p etna along DB (30)
Changes in the wall contour are designed to drive E to zero as
rapidly as possible and upon this premise a new wall is con-
structed. This method of contour modification is a relaxa-
tion technique, and was developed by Scofield, Thompson,
and Hoffman.7 The details of the method are described in
the next section.

THRUST
(Ibf)

32,850

32,800 -

32,750 •

32,700

Fig. 3 Thrust vs
injection angle.

After the new wall contour is obtained, the above procedure
is repeated. This iteration procedure continues until the
error function E is reduced to an acceptable value near zero.

Relaxation Technique

The wall modification procedure or wall relaxation must,
above all, produce rapid convergence. The entire procedure
is designed with this in mind. In order to change the wall
contour it must first be determined how changes in the con-
tour affect the error function given by Eq. (30). To do this,
the wall angle 6 is chosen as the independent variable and the
error function E as the dependent variable. Theoretically
the wall angle can be perturbed at a point on the wall, the
flowfield and Lagrange multiplier field recalculated, and the
change in the error function along DB evaluated. This pro-
cedure could be repeated until every wall point had been per-
turbed and the corresponding changes in the error function
found. This would result in an n X n matrix (n — number of
wall points) relating changes in the wall angle to changes in
the error function. This can be written in partial derivative
form as

ZEi/bOi = (Ei - B»)/(0, - 0yo) (i,j = 1, . . . , n) (31)
where EM and 0,-0 are the initial values of Ei and 63.

Once these partial derivatives are known, a truncated
Taylor series could be used to relate changes in the wall angle

Table 1 Parametric study results

Injection
angle, deg

-31.00
-31.00
-31.00
-31.00
-33.00
-33.00
-33.00
-33.00
-35.00
-35.00
-35.00
-35.00
-37.00
-37.00
-37.00
-37.00
-39.00
-39.00
-39.00
-39.00
-34.00

Cowl lip
radius, in.

7.00
7.50
8.00
8.50
7.00
7.50
8.00
8.50
7.00
7.50
8.00
8.50
7.00
7.50
8.00
8.50
7.00
7.50
8.00
8.50
7.55

Thrust,
Ibf

32,803
32,853
32,813
32,699
32,811
32,874
32,842
32,731
32,808
32,877
32,846
32,747
32,791
32,869
32,847
32,753
32,763
32,844
32,829
32,741
32,881
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to changes in the error function such that

The repeated subscript j in Eq. (32) indicates a summation.
Since the desired value of the error function is zero, Eqs. (32)
could be used to solve for the value of the wall angle that will
drive the error function to zero. Thus,

In theory Eq. (33) could be solved, but in practice this could
be difficult and time consuming when a large number of wall
points are involved.

In their investigation of the problem for conventional noz-
les, Scofield, Thompson, and Hoffman7 found that it could be
assumed that there is a direct relationship between changes in
the wall angle and changes in the error function which lie on
the same right-running characteristics. That is, the major
effect on E due to a change in the wall angle at a point propa-
gates down the right-running characteristic which originates
at that point. This same type of assumption was found to be
valid for the plug nozzle when applied along left-running
characteristics originating at the wall. Thus, Eqs. (33) re-
duce to n simple independent equations which can be solved
for A0 at each of the n wall points.

A0; = —Eio/(dEi/c)Oi) (i = 1, . . . , n) (34)
Since the problem is nonlinear, the final solution must be ap-
proached iteratively. The wall angles for the (r + 1) itera-
tion are given by

0Xr+i> = Of + AOi ( t = l , . . . , n) (35)

The procedure just described is a simple method of adjust-
ing the wall contour but would require considerable time if
carried out in all of its detail. Scofield, Thompson, and Hoff-
man7 used two methods to reduce the computer time and both

Table 2 Coordinates of the optimum plug contour

x, in.

-0.56069
-0.55023
-0.53999
-0.52996
-0.52016
-0.51059
-0.50125
-0.49216
-0.48331
-0.40216
-0.29091
-0.03515
0.29695
0.99456
2.10220
3.01742
5.08714
6.75042
8.85315
11.51707

y, in.

6.71874
6.71087
6.70272
6.69430
6.68563
6.67670
6.66753
6.65811
6.64846
6.55777
6.43493
6.15846
5.81595
5.21035
4.45395
3.93915
2.98654
2.35672
1.67387
0.95441

e°, deg
-36.25027
-37.75027
-39.25027
-40.75027
-42.25027
-43.75027
-45.25027
-46.75027
-48.25027
-48.02999
-47.64577
-46.81925
-44.30856
-37.84839
-31.24354
-27.61354
-22.22618
-19.37574
-16.70496
-13.26458

are used in the current investigation. First, it was noted that
a nearly linear relationship exists between the partial deriva-
tives dE;/d0; and the corresponding wall axial coordinate x.
Because of this linear relationship it is possible to calculate
the partial derivatives at a few points (typically ten) and then
fit a straight line through these points by the method of least
squares. The remaining partial derivatives can be taken from
the fitted straight line, thereby reducing the time required for
calculating dEi/dOi. Second, the partial derivatives were
recalculated only after several iterations rather than after
each iteration.

Results

The problem formulation assumes specified values for the
cowl lip radius and initial injection angle. Since both of these
parameters have a significant influence upon the total thrust
of plug nozzles, it may be desirable, in some cases, to deter-
mine the optimum values of these parameters. To illustrate
how this can be done, a parametric study was carried out to
determine the optimum cowl lip radius and injection angle for
a given length nozzle. The purpose of this section is to pre-
sent the results of such a parametric study and to compare the
optimum nozzle to one designed by Rao's method3 for the
same mass flow rate and ambient pressure. The importance
of the transonic flow analysis and the base pressure calcula-
tions are also illustrated.

Parametric Study to Determine the Optimum
Cowl Lip Radius and Injection Angle

As mentioned previously, the thrust maximized in the vari-
ational problem does not represent the total axial thrust.
The total thrust is given by the equation

= CE [p
J A

W2

- 6) coB<t>/

[py + r]ydx + yD%/2 (36)

where the angles </> and 6 are shown in Fig. 1. The last two
terms in Eq. (36) are obtained by neglecting the boundary-
layer thickness in Eq. (1). The first term accounts for the
pressure and momentum forces acting across the initial-value
line EA, the second term accounts for the ambient pressure
acting on the frontal area of the inlet, the third term is the
pressure thrust generated by the plug contour, and the last
term is the plug base thrust. The cowl lip radius and injec-
tion angle influence the first two terms, while the contour
optimization is used to maximize the last two terms for a
specific choice of cowl lip radius and injection angle. How-
ever, as explained earlier, the radius of curvature of the plug
between points A and T is specified a priori, and as a result,
this portion of the nozzle wall will not necessarily be an opti-
mum. Thus, the plug contour generated by the present tech-
nique yields a thrust maximum for the specified inlet radius of
curvature, injection angle, and cowl lip radius. To deter-
mine the best over-all nozzle when no constraints are placed
on the cowl lip radius and injection angle, these two parame-
ters can be varied parametrically and the optimum plug con-
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tour can be obtained for each set of these parameters. The
maximum thrust nozzle is then selected from this group of
nozzles. Such a parametric study is presented in this section.

The parametric study was conducted for a nozzle which has
a mean radius of curvature at the throat of 0.705 in., a down-
stream radius of curvature of 0.5 in., and a length from point
T to point D (see Fig. 1) of 12.0 in. The mass flow rate,
ambient pressure, and incompressible skin-friction coefficient
were selected as m = 148.08 Ibm/sec, pa = 14.7 psia, and Cfi
= 0.002, respectively. The engine was assumed to operate
with a chamber pressure of 500.0 psia and a chamber tem-
perature of 6000.0° R. The exhaust products were assumed
to have a gas constant of 56.0 (ft-lbf)/(lbm-°R) and a ratio of
specific heats of 1.23. The base pressure was calculated using
Eq. (12) and the wall shear stress by using

r = CfPV*/2 = C/t-pF2/[2 + 0.72(7 - 1)M2] (37)
where the expression for the local skin friction coefficient, C/
was obtained from Ref. 11. Equation (37) was used to cal-
culate T along the wall once the flowfield was calculated, and
the function r(x) assumed earlier is obtained by a curve fit of
those results. The nozzle was designed for a subsonic burn-
ing engine, thus a modified Moore-Hall9 start line was used.
As the cowl lip radius and injection angle are changed, the
throat height is varied in order to keep the mass flow rate
constant. A total of 20 computer runs were made to deter-
mine the optimum cowl lip radius and injection angle. The
results of these runs are presented in Table 1.

The data in Table 1, except the last set where ft = —34°
and yE — 7.55 in., are plotted in Figs. 2 and 3. Figure 2 is a
plot of thrust as a function of cowl lip radius with the injec-
tion angle as a parameter, and Fig. 3 is a plot of thrust as a
function of injection angle with the cowl lip radius as a param-
eter. From Fig. 2, it was determined that the optimum cowl
lip radius would be approximately 7.55 in., and the optimum
injection angle was determined from Fig. 3 to be approxi-
mately — 34°. One final computer run was made using these
values for the cowl lip radius and injection angle. This run
resulted in a thrust of 32,881 Ibf, which is the maximum of the
total of 21 designs. The coordinates and slopes of the result-
ing optimum contour are given in Table 2 and plotted in Fig.
4. Two other contours of the same length have also been
plotted in Fig. 4 for comparison to the optimum. One con-
tour is 0.5 in. above the optimum at point D and the other is
Q.5 in. below the optimum at the same point. As expected,
both contours produces a lower thrust than the thrust of the
optimum contour, the upper contour producing a thrust of
32,556 Ibf, and the lower contour producing 32,601 Ibf.

Thus, it is possible to determine the optimum values for
both the cowl lip radius and injection angle even though these
quantities were fixed in the variational problem formulation.
This approach to the problem is also useful in cases where
either the cowl lip radius or injection angle are dictated by
other considerations. This situation could arise, for example,
where the cowl lip radius is limited by the vehicle size but no
restrictions are placed on the injection angle. The best injec-
tion angle for the given cowl lip radius could be obtained from
a study such as illustrated in Fig. 3.

Comparison to Rao Nozzles

Since the current formulation contains the results of Rao3

as a special case, it is of interest to compare the nozzles de-
signed by the two methods.

Rao results

The design equations obtained by Rao were programmed in
order to compare his technique with the current formulation.
A comparison was made with the same mass flow rate, plug
length, ambient pressure, thermodynamic properties, and
base pressure model as those employed in the parametric

study. The Rao method yielded an optimum cowl lip radius
of 8.33 in. and an optimum injection angle of approximately
-58.5° with a resulting thrust of 34,253 Ibf. The coordi-
nates and slopes of the resulting optimum contour are given
in Table 3 and plotted in Fig. 5. By comparing the data in
Table 3 with that in Table 2, it can be seen that the contour
obtained by Rao's method lies above the contour obtained
from the parametric study. In order to compare the shapes
of these two contours, the contour which resulted from the
parametric study was also plotted in Fig. 5. As can be seen
from Fig. 5, the two contours are almost identical in shape
except in the throat region, the most significant difference
being in the injection angle and cowl lip radius. Since the
start line or sonic line assumptions for these two models are
not the same, it was suspected that the differences in the re-
sults were caused by the dissimilarities in the start lines. The
results of an investigation to determine if this was indeed the
case are presented in the next section.

Importance of start line

Since Rao assumed a linear sonic line along which the flow
direction is constant, an attempt was made to duplicate his
results by using such a start line along which the Mach num-
ber was slightly greater than unity. The cowl lip radius and
injection angle were fixed at the values found for the optimum
Rao nozzle and the wall shear stress was set equal to zero
since .Rao did not account for this in his formulation. The
general flow condition produced by a parallel uniform flow
with the flow direction toward the axis of symmetry is one of
compression. Unless the Mach number along the start line
is increased to approximately 1.5, the compression results in
subsonic Mach numbers in the throat region. However, the
assumption of a Mach number greater than one along the
start line implies that the flow has passed through the mini-
mum area and should be expanding. This requires the flow
direction to become more negative along the start line, EA.
By linearly decreasing the flow direction by 6° along the start
line from top to bottom, the compression problem was elimi-
nated. For the contour discussed here, the flow direction at
point E was fixed at —56.0° and decreased uniformly to
— 62.0° at point A. The resulting plug contour matched the
Rao contour reasonably well but the thrust was approximately
2700 Ibf lower.

One final attempt was made to duplicate Rao's results. A
right-running characteristic near the throat was taken from
the Rao nozzle flow field and used as a start line for the present
analysis. This start line produced a contour almost identical
to Rao's and the thrust was 34,373 Ibf compared to 34,375 Ibf

Table 3 Coordinates of the Rao contour

x, in. 0°, deg

-0.63971
-0.52553
-0.38991
-0.28105
-0.11511
0.08454
0.26305
0.54982
0.80980
1.11665
1.75877
2.24216
3.03421
4.04195
5.33714
6.55991
8.07079
9.28531
11.51781

7.60953
7.41133
7.19374
7.03417
6.81327
6.57580
6.38348
6.10414
5.87499
5.62702
5.16641
4.85831
4.40556
3.89898
3.33063
2.85772
2.33921
1.96623
1.37506

-60.69463
-59.26745
-56.76264
-54.62384
-51.56682
-48.37210
-45.92900
-42.64770
-40.18842
-37.74413
-33.72519
-31.35732
-28.40556
-25.23198
-12.27169
-20.07902
-17.86199
-16.29294
-13.25333
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for Rao's nozzle. Thus, when compatible start lines are em-
ployed, the two techniques yield the same results.

These results indicate that the start line model is very im-
portant in the design of optimum plug nozzles, and approxi-
mations in this region should be carefully evaluated.

Effect of the Base Pressure Model

Another possible source of error in plug nozzle design is in
the base pressure model. The importance of the base pres-
sure model is illustrated in this section.

After the parametric study was completed and the opti-
mum nozzle determined, the equation used to calculate the
base pressure was changed from Eq. (12) to

_ CONTOUR FROM PARAMETRIC STUDY
— CONTOUR FROM ALTERNATE BASE

PRESSURE MODEL

pb = pm[l - (38)

which was obtained from Ref. 12. This equation produces
values of base pressure considerably higher than Eq. (12).
The primary objective in using Eq. (38) was to determine the
effect of the base pressure model on nozzle performance and
contour. All other parameters were set at the values used
for the parametric study, and the cowl lip radius and injection
angle were set at their optimum values of 7.55 in. and —34°.
The coordinates and slope of the resulting contour are given
in Table 4 and plotted in Fig. 6. The contour obtained from
the parametric study is also plotted in Fig. 6. As can be seen
from this figure, the base pressure model has a considerable
effect upon the shape of the plug contour. The' base height,
2/D, increased from 0.954 in. to 2.34 in. and the wall slope at
point D increased from -13.26° to -3.08°. In addition,
the thrust increased to 32,965 Ibf because of the higher base
pressure. Since the thrust has changed, it is expected that
the optimum cowl lip radius and injection angle will also be
different. Thus, in addition to a direct change in the thrust
contribution of the plug base, the base pressure model sig-
nificantly influences the shape of the optimum contour.

Summary
An analysis and computer program have been developed

for the optimization of plug nozzle contours with boundary
layer shear stress accounted for in the optimization. The
solution makes no particular assumption about the upstream
nozzle geometry but simply requires the flow conditions along
a start line to be available in order to initiate the flowfield
solution. The problem was formulated for ir rotational flow.
A general isoperimetric constraint was imposed upon the plug
contour in the region of supersonic flow. A complete set of

Table 4 Coordinates of an optimum contour
for the alternate base pressure model

x, in.

-0.56069
-0.55023
-0.53999
-0.52996
-0.52016
-0.51059
-0.49819
-0.44272
-0.33777
-0.19453
-0.00101
0.34386
0.90107
1.72398
2.55635
3.61048
4.92072
6.53289
8.49709
11.58406

y, in.
6.71874
6.71087
6.70272
6.69430
6.68563
6.67670
6.66442
6.60622
6.49721
6.35086
6.15730
5.83114
5.38449
4.85222
4.41335
3.95442
3.49325
3.05192
2.66542
2.34099

0°, deg

-36.25027
-37.75027
-39.25027
-40.75027
-42.25027
-43.75027
-45.75027
-46.29203
-45.88483
-45.35040
-44.66440
-41.57284
-36.00408
-30.05107
-25.69669
-21.49032
-17.40459
-13.30646
- 9.02277
- 3.08106

2.0 4.0 6.0 8.0 10.0 12.0 X
(in)

Fig. 6 Optimum contour for alternate base pressure
model.

partial differential equations with sufficient boundary condi-
tions was obtained for determining the flow properties and
Lagrange multipliers. A method was presented to determine
if a given contour is an optimum, and a relaxation technique
was used to obtain a solution to the problem.

The design equations for the irrotational flow problem were
programmed in FORTRAN IV. The computer program
was used to carry out a parametric study to determine the
optimum cowl lip radius and injection angle when the iso-
metric constraint is one of fixed length. The resulting opti-
mum nozzle was compared to one designed by Rao's method.
The importance of the transonic flow analysis and the base
pressure model are illustrated.

The primary advantages of the method developed here over
that by Rao3 is that the present method can be extended
directly to rotational and dissipative flows, and also a variety
of geometric constraints are possible in lieu of the fixed length
constraint.
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